We consider the reconstruction technique in theories with a single or multiple (phantom and/or canonical) scalar fields. With the help of several examples, it is demonstrated explicitly that the universe expansion history, unifying early-time inflation and late-time acceleration, can be realized in scalar-tensor gravity. This is generalized to the theory of a scalar field coupled non-minimally to the curvature and to a Brans-Dicke-like theory. Different examples of unification of inflation with cosmic acceleration, in which de Sitter, phantom, and quintessence type fields play the fundamental role-in different combinations-are worked out. Specifically, the frame dependence and stability properties of de Sitter space scalar field theory are studied. Finally, for two-scalar theories, the latetime acceleration and early-time inflation epochs are successfully reconstructed, in realistic situations in which the more and more stringent observational bounds are satisfied, using the freedom of choice of the scalar field potential, and of the kinetic factor.
two specific examples. In Sec. IV we discuss the issue of reconstruction for a non-minimally coupled scalar field theory, including Brans-Dicke theory, again clarifying this case with the help of an example. Sec. V deals with de Sitter space in scalar-tensor theory and studies issues relevant for the conformal transformation to the Einstein frame, arriving to stability conditions that are important in the study of the future evolution of the late-time accelerated era. In Sec. V, we discuss the case of several scalar fields, beginning with the case of two scalar fields minimally coupled to gravity (such models have been used, e.g., in reheating scenarios after inflation). We study an explicit example and then the general case of n scalar fields. Sec. VII addresses our final goal, namely the reconstruction of inflation and cosmic acceleration from a scalar field theory, by means of a two-scalar model that reproduces cosmological constraints in each epoch. Further, the cosmic acceleration is reproduced with a pair of scalar fields plus an ordinary matter term, where the observed cosmological density parameter (Ω DE ≃ 0.7) and the equation of state (EoS) parameter (w DE ≃ −1) are actually reproduced. Finally, Sec. VIII contains the conclusions.
II. UNIFIED INFLATION AND LATE TIME ACCELERATION IN SCALAR THEORY
Let us consider a universe filled with matter with equation of state p m = w m ρ m (here w m is a constant) and a scalar field which only depends on time. We will show that it is possible to obtain both inflation and accelerated expansion at late times by using a single scalar field φ (see also [6] and [7] ). In this case, the action is
where κ 2 = 8πG, V (φ) being the scalar potential and ω(φ) the kinetic function, respectively, while L m is the matter Lagrangian density. Note that for convinience the kinetic factor is introduced. At the final step of calculations, scalar field maybe always redefined so that kinetic factor is absorbed in its definition. As we work in a spatially flat Friedmann-Robertson-Walker (FRW) spacetime, the metric is given by
The corresponding FRW equations are written as
with ρ φ and p φ given by
Combining Eqs. (3) and (4), one obtains
As the matter is not coupled to the scalar field, by using energy conservation one haṡ ρ m + 3H(ρ m + p m ) = 0 ,ρ φ + 3H(ρ φ + p φ ) = 0 .
From the first equation, we get ρ m = ρ m0 a −3(1+wm) . We now consider the theory in which V (φ) and ω(φ) are
where f (φ) ≡ F ′ (φ), F is an arbitrary (but twice differentiable) function of φ, and F 0 is an integration constant. Then, the following solution is found (see [6, 7, 8, 9] ):
which leads to a(t) = a 0 e F (t) , a 0 = ρ m0 F 0 1 3(1+wm) .
As one can see, the scale factor vanishes at t = −t 0 , so we can fix that point as corresponding to the creation of the universe. On the other hand, the kinetic function and the scalar potential are given by Eqs. (7), hence 
where F 0 is an integration constant and
Then, using Eq. (10), the effective EoS parameter is written as
where
2 . There are two phantom phases that occur when t − < t < 0 and t > t + , and another two non-phantom phases for −t 0 < t < t − and 0 < t < t + , during which w eff > −1 (matter/radiation-dominated epochs). The first phantom phase can be interpreted as an inflationary epoch, and the second one as corresponding to the current accelerated expansion, which will end in a Big Rip singularity when t = t 0 . Note that superacceleration (i.e., H > 0) is due to the negative sign of the kinetic function ω(φ), as for "ordinary" phantom fields (to which one could reduce by redefining the scalar φ).
B. Example 2
As a second example, we consider the choice
We take H 0 and H 1 to be constants and t s as the Rip time, as specified below. Using (7), we find that the kinetic function and the scalar potential are
respectively. Then, through the solution (9), we obtain the Hubble parameter and the scale factor
Since a(t) → 0 + for t → 0, we can fix t = 0 as the beginning of the universe. On the other hand, at t = t s the universe reaches a Big Rip singularity, thus we keep t < t s . In order to study the different stages that our model will pass through, we calculate the acceleration parameter and the first derivative of the Hubble parameter. They arė
As we can observe, for t close to zero,ä/a > 0, so that the universe is accelerated during some time. Although this is not a phantom epoch, sinceḢ < 0, such stage can be interpreted as corresponding to the beginning of inflation. For t > 1/2 but t ≪ t s , the universe is in a decelerated epoch (ä/a < 0). Finally, for t close to t s , it turns out thaṫ H > 0, and then the universe is superaccelerated, such acceleration being of phantom nature and ending in a Big Rip singularity at t = t s .
C. Example 3
Our third example also exhibits unified inflation and late time acceleration, but in this case we avoid phantom phases and, therefore, Big Rip singularities. We consider the following model:
where H 0 and H 1 > 0 are constants and n is a positive integer (also constant). The case n = 1 yields an initially decelerated universe and a late time acceleration phase. We concentrate on cases corresponding to n > 1 which gives, in general, three epochs: one of early acceleration (interpreted as inflation), a second decelerated phase and, finally, accelerated expansion at late times. In this model, the scalar potential and the kinetic parameter are given, upon use of Eqs. (7) and (21), by
Then, the Hubble parameter given by the solution (9) can be written as
We can fix t = 0 as the beginning of the universe because at this point a → 0, so t > 0. The effective EoS parameter (10) is
Thus, when t → 0 then w eff → −1 and we have an acceleration epoch, while for t → ∞, w eff → −1 which can be interpreted as late time acceleration. To find the phases of acceleration and deceleration for t > 0, we studyä/a, given by:ä
For sufficiently large values of n we can find two positive zeros of this function, which means two corresponding phase transitions. They happen, approximately, at
so that, for 0 < t < t − , the universe is in an accelerated phase interpreted as an inflationary epoch; for t − < t < t + it is in a decelerated phase (matter/radiation dominated); and, finally, for t > t + one obtains late time acceleration, which is in agreement with the current cosmic expansion. We now consider how the exit from inflation could be realized. First, we should note that if one refines the scalar field as ϕ = φ dφ ω(φ) in the non-phantom phase or ϕ = φ dφ −ω(φ) in the phantom phase, then the action (1) has the following form
HereṼ (ϕ) ≡ V (φ(ϕ)). The minus sign corresponds to the non-phantom phase and the plus sign to the phantom phase. For example, in the model (21) when φ is small (and therefore in the early universe), we
. We should note that in the early universe (φ → 0), ϕ is large. Then, the potential V (ϕ) is of the slow roll type. When the value of ϕ is large, the energy of the vacuum is large, which generates inflation. The value of ϕ slowly becomes small and the energy of the vacuum, and with it the curvature, decrease. When the curvature becomes small enough inflation could stop. For the successful exit from inflation we may need one more scalar field, as in the hybrid inflation scenario [10] . In the model (21) , by construction, inflation ends as a purely classical theory whenä = a(H 2 +Ḣ) = 0, that is, for t = t e satisfying
If we include, however, quantum effects the value of the scalar field ϕ jumps to a larger value-as a consequence of the quantum fluctuations-and the vacuum acquires higher energy, what generates inflation again. In order to suppress the probability of those effects, in the hybrid inflation model at least one more scalar field and its coupling with ϕ had to be introduced.
D. Example 4
As our last example, we consider another model unifying early universe inflation and the accelerating expansion of the present universe. We may choose f (φ) as
which gives the Hubble parameter
Here H i , H l , c, and α are positive constants. In the early universe (t → −∞), we find that H becomes a constant H → H i and at late times (t → +∞), H becomes a constant again H → H l . Then H i could be regarded as the effective cosmological constant driving inflation, while H l could be a small effective constant generating the late acceleration. Then, we should assume H i ≫ H l . Hence, if we consider the model with action
we can realize the Hubble rate given by (31) with φ = t. If we redefine the scalar field as
the action S in (32) can be rewritten in the canonical form
One should note that φ → −∞ corresponds to ϕ → 0 and
At early times, φ < 0 and therefore, from Eq. (33), we find κϕ α/2 (H i − H l ) c ≪ 1, from which it follows that
Then, if α ≪ H i , the slow-roll conditions can be satisfied. We may include matter with constant EoS parameter w m . Then ω(φ) and V (φ) are modified as
The matter energy density is then given by
In the early universe t → −∞, ρ m behaves as
On the other hand, the energy density of the scalar field behaves as
Then, if 2α < H l (and w m > −1), the matter contribution could be neglected in comparison with the scalar field contribution. Now let the present time be t = t 0 . Then, we find that
and Ω φ = 1 − Ω m . If we assume αt 0 ≫ 1, we find
Hence, we may choose the parameters so that Ω m ∼ 0.27, which could be consistent with the observed data. This model provides a quite realistic picture of the unification of the inflation with the present cosmic speed-up.
III. ACCELERATED EXPANSION IN THE NON-MINIMALLY CURVATURE-COUPLED SCALAR THEORY
In the preceding section we have considered an action, (1), in which the scalar field is minimally coupled to gravity. In the present section, the scalar field couples to gravity through the Ricci scalar (see [11] for a review on cosmological applications). We begin from the action
where f (φ) is an arbitrary function of the scalar field φ. Then, the effective gravitational coupling depends on φ, as
One can work in the Einstein frame, by performing the scale transformation
The tilde over g denotes an Einstein frame quantity. Thus, the action (44) in such a frame assumes the form [12] 
The kinetic function can be written as
, and the extra term in the scalar potential can be absorbed by defining the new potential
2 , so that we recover the action (1) in the Einstein frame, namely
We assume that the metric is FRW and spatially flat in this frame
then, the equations of motion in this frame are given by
where . Then,
Note that˙ H > 0 is equivalent to W < 0; superacceleration is due to the "wrong" (negative) sign of the kinetic energy, which is the distinctive feature of a phantom field. The scalar field could be redefined to eliminate the factor W (φ), but this would not correct the sign of the kinetic energy. If we choose W (φ) and U (φ) as ω(φ) and V (φ) in (7),
by using a function g(φ) instead of f (φ) in (7), we find a solution as in (8),
In (53) and hereafter in this section, we have dropped the matter contribution for simplicity. We consider the de Sitter solution in this frame,
We will see below that accelerated expansion can be obtained in the original frame corresponding to the Einstein frame (47) with the solution (55), by choosing an appropriate function f (φ). From (55) and the definition of W (φ) and U (φ), we have
Thus, the scalar field has a non-canonical kinetic term in the original frame, while in the Einstein frame the latter can be positive, depending on W (φ). The correspondence between conformal frames can be made explicit through the conformal transformation (45). Assuming a spatially flat FRW metric in the original frame,
then, the relation between the time coordinate and the scale parameter in these frames is given by
Now let us discuss the late-time acceleration in the model under discussion.
A. Example 1
As a first example, we consider the coupling function between the scalar field and the Ricci scalar
where α is a constant. Then, from (56), the kinetic function ω(φ) and the potential V (φ) are
respectively. The solution for the current example is found to be
We now calculate the acceleration parameter to study the behavior of the scalar parameter in the original frame,
We observe that for small values of t the acceleration is negative; after that we get accelerated expansion for large t; finally, the universe ends with zero acceleration as t → ∞. Thus, late time accelerated expansion is reproduced by the action (44) with the function f (φ) given by Eq. (59).
B. Example 2
As a second example, consider the function
From (58), the kinetic term and the scalar potential are, in this case,
The solution in the original (Jordan) frame reads
and the corresponding acceleration isä
Notice that this solution describes acceleration at every time t and, for t → ∞, the acceleration tends to a constant value, as in de Sitter spacetime, hence similar to what happens in the Einstein frame. Thus, we have proved here that it is possible to reproduce accelerated expansion in both frames, by choosing a convenient function for the coupling f (φ).
IV. RECONSTRUCTION OF NON-MINIMALLY COUPLED SCALAR FIELD THEORY
We now consider the reconstruction problem in the non-minimally coupled scalar field theory, or the Brans-Dicke theory. We begin with the same scalar-tensor theory with constant parameters φ 0 and V 0 :
which admits the exact solution
We
which can be transformed into the conformal form:
Here
and therefore, by using (68), one finds
We now consider an arbitrary cosmology given by the metric
where τ is the conformal time. Since
f −τ 0 t1 t0
if we begin with the action in which g µν in (67) is replaced by e ϕg µν ,
we obtain the solution (73).
A. Example
By using the conformal time τ , the metric of de Sitter space
can be rewritten as
Here τ is related to t by e −H0t = −H 0 τ . Then t → −∞ corresponds to τ → +∞ and t → +∞ corresponds to τ → 0. As an example of f (τ ) in (73), we may consider
where H L and H I are constants. At early times in the history of the universe τ → ∞ (corresponding to t → −∞), f (τ ) behaves as
Then the Hubble rate is given by a constant H I , and therefore the universe is asymptotically de Sitter space, corresponding to inflation. On the other hand, at late times τ → 0 (corresponding to t → +∞), f (τ ) behaves as
Then the Hubble rate is again a constant H L , which may correspond to the late time acceleration of the universe. This proves that our reconstruction program can be applied directly to the non-minimally coupled scalar theory.
V. DE SITTER SPACE IN SCALAR-TENSOR THEORY
When studying scalar field cosmology in a spatially flat FRW universe from the dynamical systems point of view, it is often convenient to redefine the scalar field φ used in the previous sections in such a way that its kinetic energy density has a canonical form (apart from the sign). Instead of the field φ appearing in Eq. (47), one can use
in terms of which the action (47) becomes
where ǫ = sign(W ) andŪ(σ) = U [φ(σ)] (this redefinition, however, can not change the sign of the kinetic energy of the phantom field to make it positive -for this purpose one would have to make the scalar field purely imaginary through a sort of Wick rotation). In discussions of the phase space of spatially flat scalar field cosmology, the Hubble parameter H and the scalar field σ (or φ) constitute a natural choice of dynamical variables. The phase space is a two-dimensional curved surface embedded in a three-dimensional space and this suffices to guarantee the absence of chaos in the dynamics [13] . Moreover, the only fixed points of the dynamical system are de Sitter spaces with constant scalar field (H 0 , σ 0 ). For the solution described by Eqs. (54) and (55), the scalar field redefinition (81) yields σ =const.≡ σ 0 and H 0 , σ 0 is a fixed point of the system. The fixed point nature of a particular solution does depend on the specific choice of dynamical variables: for example, the solution (54) and (55) is a fixed point with the choice (H, σ) but not with the choice (H, φ). While the solution is the same, it is convenient to study the dynamics using σ instead of φ. This is particularly important for detailed calculations of the stability of de Sitter space using gauge-invariant variables (see below), as these calculations greatly simplify in a de Sitter background.
One may wonder whether the fixed point (or even the attractor) nature of de Sitter spaces is lost when performing the conformal transformation to the Einstein frame used in the previous sections in order to find exact solutions. This is not the case, but a little care is needed because, in general, acceleration of the universeä > 0 in the Jordan frame does not imply cosmic acceleration 
(here an overdot denotes differentiation with respect to the Jordan frame comoving time t). However, a de Sitter space in the Jordan frame is mapped into a de Sitter space in the Einstein frame (and vice-versa) . A general conformal transformation of the metric g µν →g µν = Ω 2 g µν , where the conformal factor Ω depends on the scalar field present in the theory (for example, as in Eq. (45)), yields the rescaled FRW line element
with dt = Ω dt andã = Ω a. Therefore, the relation between the Hubble parameters of the two conformal frames is
Since Ω = Ω(σ), it is clear that a Jordan frame fixed point Ḣ ,σ = (0, 0) is mapped into an Einstein frame fixed point Ḣ ,σ = (0, 0). Moreover, a small perturbation of this fixed point in the Jordan frame corresponds to a small perturbation in the Einstein frame, and stability of the Jordan frame fixed point corresponds to stability of the corresponding Einstein frame stationary point. In fact, assume that
in the Jordan frame, where |δH(t)/H 0 | and |δσ(t)/σ 0 | are small perturbations which, for simplicity, are taken here to be homogeneous. Then, in the Einstein frame,H =H 0 + δH with
(where a prime denotes differentiation with respect to σ and the zero subscript denotes quantities evaluated in the background de Sitter space). The Einstein frame perturbation stays small if the Jordan frame perturbations are small, hence an attractor in the Jordan frame corresponds to an Einstein frame attractor (the converse is not always true, see [14] for a counterexample). This property is crucial when using conformal transformations to study slow-roll inflation which describes dynamics around a de Sitter attractor. It is the presence of a de Sitter attractor that justifies the use of the slow-roll approximation H(t) = H 0 + δH(t) in inflation, and the fact that the presence and attractor nature of de Sitter space (subject to certain conditions) are guaranteed also in the Einstein frame ultimately justifies the use of conformal techniques in the study of slow-roll inflation. To summarize, in general, cosmic acceleration in one conformal frame does not correspond to acceleration in the conformally related frame(see the related discussion in [15] ), however slow-roll inflation in the Jordan frame corresponds to slow-roll inflation in the Einstein frame. This is relevant also for late time de Sitter-like expansion in a universe dominated by quintessence. The previous discussion is restricted to homogeneous (space-independent) perturbations of de Sitter space, but it can be extended to more general (space-dependent) inhomogeneous perturbations. The latter are more problematic because of the notorious gauge-dependence problems associated with them, and they are best described using gaugeindependent methods. A linear stability condition of de Sitter space against inhomogeneous perturbations was derived in [16] . This is a necessary condition for de Sitter space to be an attractor in the (H, σ) phase space, however it is not sufficient because it only ensures stability to first order in the gauge-invariant variables (stability to higher, or to all orders, can usually be established only numerically and with the restriction to homogeneous perturbations, see, e.g., [17] ).
For a theory described by the action
the gauge-invariant linear stability condition is [16] 
where F ≡ ∂ϕ ∂R and ϕ φ R ≡ ∂ 2 ϕ ∂R∂φ . For the action (44), this condition becomes
, etc. and assuming that 1 + f (φ 0 ) > 0 in order to guarantee a positive effective gravitational coupling. For an "ordinary" phantom field in general relativity it is ϕ (φ, R) = R, ω = −1, and the condition (91) reduces to V ′′ 0 ≤ 0, i.e., the de Sitter space is stable if the potential has a maximum to which the phantom field can climb and settle in during the dynamical evolution. This behaviour, which is opposite to that of an ordinary scalar field, is due to the negative sign of the kinetic energy of the phantom [3] .
The FRW equations give two conditions for the existence of de Sitter fixed points:
For the action (44) these become
where R 0 = 12H 2 0 for de Sitter space. Upon use of Eq. (94), the stability condition (91) in this theory becomes
These stability conditions are important in the study of the future evolution of the late-time accelerated era.
VI. LATE TIME ACCELERATION AND INFLATION WITH SEVERAL SCALAR FIELDS
In this section we begin by considering a model with two scalar fields minimally coupled to gravity (see [4, 7, 18] ). Such models are used, for example, in reheating scenarios after inflation.
An additional degree of freedom appears in this case, so that for a given solution we may choose different conditions on the scalar fields, as shown below. It is possible to restrict these conditions by studying the perturbative regime for each solution. The action we consider is
where ω(φ) and σ(χ) are the kinetic terms, which depend on the fields φ and χ, respectively. We again assume a flat FRW metric. The Friedmann equations are written as
By means of a convenient transformation, we can always redefine the scalar fields so that we can write φ = χ = t.
The scalar field equations are given by
Then, for a given solution H(t) = f (t), and combining the first Friedmann equation with each scalar field equation, respectively, we find
where the function f (φ, χ) carries down to f (t, t) ≡ f (t), and is defined as
The scalar potential can be expressed as
and the second Friedmann equation reads
Then, the kinetic functions may be chosen to be
where g is an arbitrary function. Hence, the scalar field potential is finally obtained as
we consider the perturbations
The eigenvalue equation is given by
To avoid divergences in the eigenvalues, we choose the kinetic functions to satisfy
hence, the eigenvalues in Eq. (115) are finite. Summing up, under these conditions, the solution (106) has no infinite instability when the transition from the non-phantom to the phantom phase occurs.
As an example, we may choose g(t) = α/t 3 , where α is a constant that satisfies α > 2H 1 . Then, the f (φ, χ) function (108) is given by
As a result, the kinetic terms (107) are expressed as
and the potential reads
This potential reproduces the solution above, which unifies inflation and late time acceleration in the context of scalar-tensor theories, involving two scalar fields. Notice that the extra degree of freedom gives the possibility to select a different kinetic and scalar potential in such a manner that we get the same solution.
In the case in which the condition (116) is not imposed, the kinetic terms (104) may have zeros for 0 < t < t s , so that the perturbation analysis performed above ceases to be valid because some of the eigenvalues could diverge.
B. General case: n scalar fields
As a generalization of the action (97), we now consider the corresponding one for n scalar fields,
The associated Friedmann equations are
We can proceed analogously to the case of two scalar fields so that the kinetic terms are written as
hence,
where f (t, t, · · · , t) ≡ f (t). Then the following solution is found
From (122) we can choose, as done above, the kinetic terms to be
Then, there are n − 1 arbitrary functions that reproduce the solution (124) so reconstruction may be successfully done. They could be chosen so that dark matter is also represented by some of the scalar fields appearing in the action (120).
VII. RECONSTRUCTION OF INFLATION AND COSMIC ACCELERATION FROM TWO-SCALAR THEORY
In the present section, inflation and cosmic acceleration are reconstructed separately, by means of a two scalar field model that reproduces some of the cosmological constraints at each epoch. We explore an inflationary model in which the scalar potential, given for a pair of scalar fields, exhibits an extra degree of freedom and can be chosen in such way that slow-roll conditions are satisfied. Also, the cosmic acceleration is reproduced with a pair of scalar fields plus an ordinary matter term, in which the values of the observed cosmological density parameter (Ω DE ≃ 0.7) and of the EoS parameter (w DE ≃ −1) are reproduced in a quite natural way. For the case of a single scalar, the reconstruction for similarly distant epochs was given in Ref. [19] (for other reconstruction versions, see also [20] ).
A. Inflation
In the previous sections, models describing inflation and late-time accelerated expansion have been constructed by using certain convenient scalar-tensor theories. In this section, we present an inflationary model with two scalar fields, which can be constructed in such a way that the inflationary conditions are carefully accounted for. For this purpose, we use some of the techniques given in the previous section. The action during the inflationary epoch is written as
We will show that a general solution can be constructed, where the scalar field potential is not completely specified because of the extra degree of freedom represented by the second scalar field added, in a way similar to the situation occurring in the previous section. Considering a spatially flat FRW metric, the Friedmann and scalar field equations are obtained by using the Einstein equations and varying the action with respect to both scalar fields:
We assume that the slow-roll conditions are satisfied, that is,φ ≪ 3Hφ (χ ≪ 3Hχ), andφ 2 ≪ V (φ, χ) χ 2 ≪ V (φ, χ) , in order for inflation to occur. Then, Eqs. (127) take the form
and the slow-roll conditions read
Here, V ,i denotes the partial derivative of V with respect to one of the scalar fields (i = φ, χ). As done previously, a scalar potential V (φ, χ) can be constructed, although in this case the conditions for inflation need to be taken into account. From (128), the potential is given by
We can choose this potential such that
The three components f , g 1 , and g 2 are arbitrary functions, and g(N ) = g 1 (N ) = g 2 (N ) where, for convenience, we use the number of e-folds N ≡ ln
ai instead of the cosmic time, and a i denotes the initial value of the scale factor before inflation. Then, the following solution is found:
Hence, Eqs. (128) may be expressed as a set of differential equations with the number of e-folds as independent variable,
To illustrate this construction, let us use a simple example. The following scalar potential, as a function of the number of e-folds N , is considered:
where α and H 0 are free parameters. By specifying the arbitrary function g(N ), one can find a solution for the scalar fields. Let us choose, for the sake of simplicity, g(N ) = g 0 N 2α , where g 0 is a constant, and f (φ, χ) = f (φ) (i.e., as a function of the scalar field φ only). Then, using Eqs. (133), the solutions for the scalar fields are found to be
and the scalar potential can be written as
We are now able to impose the slow-roll conditions by evaluating the slow-roll parameters
Hence, we may choose conveniently the free parameters so that the slow-roll conditions are satisfied, and therefore, inflation takes place. From these expressions we see that the desired conditions will be obtained, in particular, when α is sufficiently small and/or H 0 and N are large enough. All these regimes help to fulfill the slow-roll conditions, in a quite natural way.
B. Cosmic acceleration with a pair of scalar fields
It is quite reasonable, and rather aesthetic, to think that the cosmic acceleration could be driven by the same mechanism as inflation. To this purpose, we apply the same model with two scalar fields, with the aim of reproducing late-time acceleration in a universe filled with a fluid with EoS p m = w m ρ m . The free parameters given by the model could be adjusted to fit the observational data, as shown below. We begin with the action representing this model,
By assuming a spatially flat FRW metric, one obtains the Friedmann equations
Variation of the action (138) yields the scalar field equations
This set of independent equations may be supplemented by a fifth one, the conservation of matter-energy density, ρ m ,
As done in [19] , we perform the substitutions
For convenience, we consider both scalar fields together under the subscript sf , so that the corresponding density parameter is Ω sf = Ω φ + Ω χ . Then, using the transformations (142), the Friedmann equations and the scalar equation read
Here, the prime denotes differentiation with respect to the number of e-folds N ≡ ln a(t) const . We can now combine Eqs. (142) to write the EoS parameter for the scalar fields as a function of Ω sf and of the time derivative of the scalar fields, namely
Hence, it is possible to find an analytic solution for the equations (143), for a given evolution of the scalar fields, as will be seen below. Before doing that, it is useful to write the effective EoS parameter, which is given by
and the deceleration parameter q = −ä aH 2 = −1 − ǫ .
As usual, for q > 0 the universe is in a decelerated phase, while q < 0 denotes an accelerated epoch, such that for w eff < −1/3 the expansion is accelerated. To solve the equations, we consider a universe which, at present, is filled with a pressureless component (w m = 0) representing ordinary matter, and two scalar fields which represent a dynamical dark energy and a dark matter species. To show this, we make the following assumption on the evolution of the scalar fields, which are given as functions of N :
VIII. CONCLUSIONS
Modeling both the early inflation and late-time acceleration epochs within the context of a single field theory has, undoubtedly, much aesthetic appeal and seems a worthy goal, which we have attempted here. To summarize, we have developed, step by step, the reconstruction program for the expansion history of the universe, by using a single or multiple (canonical and/or phantom) scalar fields. Already in the case of a single scalar, we have presented a number of examples which prove that it is actually possible to unify early-time inflation (at very high redshift) with late-time acceleration (at low redshift). The reconstruction technique has then been generalized to the case of a scalar field non-minimally coupled to the Ricci curvature, and to non-minimal (Brans-Dicke-type) scalars. Again, various explicit examples of unification of early-time inflation and late-time acceleration have been presented in those formulations. Due to the special role of de Sitter space, which often appears as an attractor in the inflationary epoch, as well as in the present cosmic acceleration era, special attention was paid to this specific space-time. Conformal transformations to the Einstein frame and stability conditions for the de Sitter space were discussed.
Moreover, the case of several minimally coupled scalar fields has been considered for the description of the realistic evolution of the Hubble parameter, and we have shown that it is qualitatively easier to achieve a realistic unification of late and early epochs in a model of this kind, in such a way as to satisfy the cosmological bounds coming from the observational data. This is due to the arbitrariness in the choice of the scalar potential and the scalar kinetic factor in the description of a universe with a given scale factor a(t). Using the freedom of choosing these scalar functions, one can constrain the theory in an observationally acceptable manner. Specifically, slow-roll conditions and stability conditions may be satisfied in different ways for different scalar functions, while the scale factor remains the same. This can be used also to obtain the correct structure of perturbations, etc.
As a mater of fact, many questions remain to be discussed in greater detail, a more realistic matter content should be taken into account, and the universe expansion history be described in a more precise and detailed manner. After all, we live in an era of increasingly more precise cosmological tests. Anyhow, the unified effective description of the cosmic expansion history presented here seems quite promising. Using it in more realistic contexts-in which, of course, technical details become necessarily more complicated-appears to be quite possible.
